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Abstract 

We study a diffusion with time-dependent random coefficients. The diffusion coefficient is 
allowed to degenerate. We prove an invariance principle when this diffusion is supposed to be 
controlled by another one with time independent coefficients. 

1 Introduction 

We want to establish an invariance principle for a diffusive particle in a random flow described by 
the following Stochastic Differential Equation (SDE) 

Xf = x+ [ b{r,X^,uj) dr+ I a(r,X;f,u;) dBr, 
Jo Jo 

where B is a d-dimensional Brownian motion and a, b are stationary random fields, b is defined in 
such a way that the generator at time t of the diffusion coincides on smooth functions with 

(1) = (l/2)e2^(^'")div, (e-2^(^'") [a{t, x, lo) + H{t, x, u;)] V, ) . 

Here a{t, x, lo) is equal to aa*{t, x, m). V and H are stationary random fields, V is bounded and 
H antisymmetric. 

We will then be in position to study the effective diffusion on a macroscopic scale of the following 
convection-diffusion equation 

(2) dtz{t,x,uj) = {l/2)Trace[aAxxz]{t, X, Lu) + b ■ Vxz{t,x,u!), 
with certain initial condition. We will prove that, in probability with respect to u, 

lim z{t/e'^,x/e,uj) = z{t,x) 

£—»0 

where z is the solution of a deterministic equation 

(3) dtz{t,x) = Trace[AAxxz]{t, x) . 
^ is a constant matrix - the matrix of so-called effective coefficients. 
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Homogenization problems have been extensively studied in the case of periodic flows (cf. |[TI . 
lfT6l . ifTTl . and many others). The study of random flows (see |[T4l . ifTSl . |[20l . and many others) 
spread rapidly thanks to the techniques of the environment as seen from the particle introduced 
by Kipnis and Varadhan in 171, at least in the case of time independent random flows. Recently, 
there have been results going beyond these techniques in the case of isotropic coefficients which are 
small perturbations of Brownian motion (see |[2]1 ). But there are only a few works in the case of 
space-time dependent random flows (see ifTOl or ifTTIl for instance in the case a = Id). A quenched 
version of the invariance principle is stated in 13 provided that the diffusion coefficient satisfies 
a strong uniform non-degeneracy assumption. In this case, the regularizing properties of the heat 
kernel are widely used to face with the non-reversibiUty of the underlying processes. Some results 
stated in Markovian flows are also established in l3l or l4l. 

The novelty of this work lies in the ergodic and regularizing properties required on the coefficients, 
which aie not fai" from being minimal. The only restriction is the control of the diffusion process 
with an ergodic and time independent one. As a consequence, this work includes the static case 
where all the coefficients do not depend on time. Moreover, these assumptions allow the diffusion 
matrix to degenerate. Typically it can degenerate in certain directions or vanish on subsets of null 
measure but cannot totally reduce to zero on an open subset of M'^. However, considering such 
strong degeneracies remains a quite open problem for random stationary coefficients (for recent 
advances in the static periodic case, see fT6l ). 

We will outline now the main ideas of the proof. Our goal is to show that the rescaled process 

=e h{r,X^,Lo) ds + £ a {r,X^ ,uj) dB^ 
Jo Jo 

converges in law to a Brownian motion with a certain positive covariance matrix. The general 
strategy (see ||8]) consists in finding an approximation of the first term on the right-hand side by a 
family of martingales and then in applying the central limit theorem for martingales. To find such 
an approximation, we look at the environment as seen from the particle 

where {rt^x} is a group of measure preserving transformation on a random medium Q (see Defini- 
tion 12.11 ). Thanks to the particular choice of the drift, an explicit invariant measure can be found 
for this Markov process. The ergodicity is ensured by the geometry of the diffusion coefficient a 
(see Assumptions I2.3l and l2.4l) . The approximation that we want to find leads to study the equation 

(A > 0) 

(4) Xux -{L + Dt)ux = b 

where L + Dt coincides with the generator of the process y on a certain class of functions (the 
term Dt is due to the time evolution and L is an unbounded operator on the medium U associated 
to ([ij). Here are arising the difficulties resulting from the time dependence. Due to the term 
Dt, the Dirichlet form associated to L + Dt does not satisfy any sector condition (even weak). 
However, for a suitable function b, dU) can be solved with the help of an approximating sequence of 
Dirichlet forms with weak sector condition. Then, usual techniques used in the static case fall short 
of establishing the so-called sublinear growth of the correctors ux- To get round this difficulty, 
regularizing properties of the heat kernel are used in IH, ITOl or lITTI . Here the degeneracies of 
the diffusion coefficient prevents us from using such arguments. The strategy here consists in 
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separating the time and spatial evolutions (see Assumption I2.3I ). We introduce a new operator S 
whose coefficients do not depend on time. Then the spectral calculus hnked to the normal operator 
S + Df will be determining to establish the desired estimates for the solution vx of the equation 

Xvx -iS + Dt)vx = b. 

Finally, with perturbation methods, we show that these estimates remain vahd for the correctors u\. 

2 Notations, Setup and Main Result 

Let us first introduce a random medium 

Definition 2.1. Let (Q,^,//) be a probability space and {rt^x] {t,x) £ R x M*^! a stochastically 
continuous group of measure preserving transformations acting ergodically on Q: 

1) yA€ gy{t,x) e m x m'^, nin^xA) = fi{A), 

2) If for any {t, x) G M x R'^, Tt,xA = A then = or 1, 

3) For any measurable function g on (0, Q, fi), the function {t, x, tu) i— > g{Tt.x^) is measurable 
on (M X X Vt, B{R x M°') g). 

In what follows we will use the bold type to denote a function g from into M (or more 
generally into M'\ n > 1) and the unbold type g{t,x,uj) to denote the associated representation 
mapping (t, x,uj) ^ g{Tt,x^)- The space of square integrable functions on (fi, ^, /x) is denoted by 
L^(ri), the usual norm by | • I2 and the corresponding inner product by ( • , ■)2- Then, the operators 
on L^(r2) defined by Tt^xOi^) — 9{'^t,x^) form a strongly continuous group of unitary maps in 
L^(r2). Each function g in L^(r2) defines in this way a stationary ergodic random field on M'^^"^. 
The group possesses d + 1 generators defined for i = 1, . . . , d, by 

Dif = -g^To^xf\{t,x)=Oi and Dtf = —Ttfif\(^t,x)=o, 
which are closed and densely defined. Denote by C the dense subset of L'^{Q) defined by 
C = Span{f*ip;fGL\n),ipGC^(R'^+^)}, with / * (^(o;) = / fin.xioMt^x) dtdx, 

where C^{W^^^) is the set of smooth functions on W^^^ with a compact support. Remark that C C 
Dom(Z)j) and Di{f *ip) = —f * This last quantity is also equal to Dif * if / G Dom.{Di). 

Consider now the measurable functions a : n ^ M"'^'^, a : n ^ M^^"', H : n ^ M^^"' and 
V : J7 — > M and assume that H is antisymmetric. Define a = acr* and a = aa* . The function V 
does not depend on time, that means Vt G M, Tt^V = V . 

Assumption 2.2. (Regularity of the coefficients) 

• Assume that yi,j,k,l = l,...,d, aij,aij, V, Hij, Diaij and DiCLij G Dom(L'fc). 

• Define, for i = 1, . . . ,d, 

aijDjV{uj) + ^DjHij{uj)), 
aijDjV{uj)), 



(5) 



1 ^ 
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and assume that the applications {t,x) ^ bi{t,x,uj), {t,x) ^ bi{t,x,ij), {t,x) i-^ a{t,x,ij) 
are globally Lipschitz- Moreover, the coefficients cr, a, b, a, V, H are uniformly bounded by a 
constant K. (In particular, this ensures existence and uniqueness of a global solution ofSDE 

Here is the main assumption of this paper 

Assumption 2.3. (Control of the coefficients) 

• a does not depend on time (i.e. Wt £ M, Tta = a) and H, a G Dom(Z?f). As a consequence, the 
matrix a does not depend on time either. 

• There exist five positive constants m, M, , C2 , C2 such that, fi a.s., 
(6) ma < a < Ma, 



(7) \H\ < C^a, \DtH\ < C^a and \Dta\ < Cfa, 



where \A\ stands for the symmetric positive square root of A, i.e. \A\ =\l —A^. 

For instance, if the matrix a is uniformly elliptic and bounded, a can be chosen as equal to the 
identity matrix Id and then © <^ ii", DtH and Dta G IF^i^). 
Let us now set out the ergodic properties of this framework 

Assumption 2.4. (Ergodicity) Let us consider the operator S = {l/2)e^^ J^f j^iDi{e~'^^aijDj ) 
with domain C. From Assumption \2.2\ we can consider its Friedrich extension ( see i5\ Ch. 3, Sect. 
3]) which is still denoted S. Assume that each function f G Dom(S) satisfying Sf = tnust be fx 
almost surely equal to some fimction that is invariant under space translations. 

Even if it means adding to V a constant (and this does not change the drift b, see we make 
the assumption that / e~^^ dfi = 1. Thus we can define a new probability measure on by 

We now consider a standard d-dimensional Brownian motion defined on a probability space 
(Q', P) (the medium and the Brownian motion are mutually independent) and the diffusions in 
random medium given as the solutions of the following Stochastic Differential Equations (SDE) 



(8) 



X1'=x + [ b{r,X!;^,uj) dr+ [ cj(r,X^,u;) dBr, 
Jo Jo 

X^ = x+ [ , w) dr+ [ a{X^,io) dBr. 

Jo Jo 



The main result of this paper is stated as follows 

Theorem 2.5. The law of the rescaled process eX'^1^2 converges in probability ( with respect to u)) 
to the law of a Brownian motion with a certain covariance matrix A (see (1451 ) ). 
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3 Examples 



There are many ways to ensure the validity of Assumption (12.41) . In particular, it is satisfied when, 
for almost all u; G 0, the M'^-valued Markov process , whose generator coincides on smooth 
functions with 

_ 2V{x,uj) . , 

= ^^Div, (e-2^(-'-)5(x,a;)V, .) , 

is irreducible in the following sense. Suppose that, starting from any point of W^, the process 
reaches each subset of of non-null Lebesgue measure in finite time. That means that there exists 
a measurable subset N <Z^ with [i(N^ = such that Vw G \ A^, for each measurable subset B 
oiW^ with \Leh{B) > 0, Vx G M'^, 3t > 0, 

(9) (Xt G > 0. 

This can be proved as in lITTI section 3 or in ||T4| chapter 2 Theorem 2.1, in studying the il- valued 
Markov process = ^^i^, whose generator coincides on C with S. As an easy consequence, 

if the diffusion coefficient a is uniformly elliptic or satisfies a strong Hormander condition (see ||9l 
for further details), then estimates on the transition densities of the process ensure 

Let us now tackle the issue of constructing examples that do not satisfy any uniform ellipticity 
assumption or even strong Hormander condition. In what follows, two examples are given. The first 
one deals with periodic coefficients. The second one is a random medium with a random chessboard 
structure and thereby does not reduce to the periodic case. 

3.1 A periodic example 

Let us construct a periodic example on the torus T^, where the diffusion matrix reduces to zero on 
a certain subset with null Lebesgue measure. We define a time-independent matrix- valued function 

= (1 - cos(2;))(l - cos(y)) 

For simplicity, we choose Y = H{x,y) = 0. Thanks to the (not uniform!) ellipticity of the 
diffusion coefficient inside the cell C =]0, 27r[x]0, 27r[, it is not very difficult to see that Q is 
satisfied. Indeed, each subset B C [0; 27r]^ with a strictly positive Lebesgue measure necessarily 
satisfies Aieb(-S H C) > 0. As explained above, this is sufficient to ensure Assumption 12.41 Let us 
now focus on Assumption |23] The strategy consists in choosing a smooth function [/ : — > R^^^ 
satisfying a~^ld < UU* {t, x,y) < old for some a > 0, and then in defining <T{t,x,y) = 
a{t,x,y)U{t,x,y), for which Assumption I2.3l is easily checked. 

3.2 An example on chessboard structures 

Let us now explain how to construct a random medium with chessboard structures. Given d > 
1, consider a sequence {£(ki,...,kd))(ki ka)^''- independant Bemouilli random variables with 
parameter p g]0, 1[ and define a process rj as follows: for each x G W^, there exists a unique 
{ki, . . . , k^) G such that x belongs to the cube [/ci, fci + l[x • • • x [k^^ k^ + 1[. Then define 
the process : M"^ ^ M by: Vx G M'', rjx = £{ki,...,ka)- "^^^ °f ^^^^ process is invariant 
and ergodic with respect to translations. Roughly speaking, we are drawing a d-dimensional 
chessboard on M'', for which we are coloring each cube of the chessboard either in black with 
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probability p or in white with probability 1 — p. It remains to make the process invariant under 
translations. To this purpose, choose a uniform variable U on the cube [0, independent of the 
sequence (e(fci,...,fcd))(fci fcd)GZ'* ^^'^ define for x G R'^, r/^ = rj^+u- In ^ way, this corresponds to 
a random change of the origin of the chessboard. It can be checked that we get a stationary ergodic 
random field on M.^. Let us now tackle the issue of the regularity of the trajectories. Consider 
a C°°(R'^) function ip with a compact and very small support (for instance, included in the ball 
B{0, 1/4)) and define a new process rjx = f^^a Vyfi^ — u) dy = rj * ^p{x), which is a stationary 
ergodic random process with smooth trajectories. That is enough for a general framework. 

Let us now consider the process uj(^t,x) = {Pt,Cii-^,ax2)teM.,x={xi.x2)€R^' where the three 
processes a^,a^ and /? are mutually independent and constructed as prescribed above. Hence 
{'^{t,x)'i (^5 ^) G R X M^l is an ergodic stationary process and we can consider the random medium 
= C(M X M^; R^) equipped with the probability law of this process. 

We define the matrix o-(u)) = ^i and V = (or any bounded function of the random 

[ U Og J 

field a). We can choose any matrix-valued function t/ : — > R^^^ such that UU* is uniformly 
elliptic and bounded, and then we set a = aU. It can be proved that Assumption 12 .4 1 is satisfied. 
Actually, the ergodicity property for a is very intuitive. Indeed, the matrix cr{-,uj) degenerates only 
on some stripes (the white ones), and in fact only on a part of each of them (depending on the 
support of if), and only along the y2-axis direction: while lying on the degenerating part of a white 
stripe, the diffusion associated to (1/2) ^11]=! di{aijdj) can only move along the yi-axis direc- 
tion. Nevertheless, with probability 1, the process encounters a black stripe sooner or later (because 
the parameter p belongs to ]0, 1[): it thus manages to move up and down and to reach every subset 
of the space. Ergodicity follows. Rigorous arguments are however left to the reader. 

We can also consider a non-null stream matrix H. For instance the matrix-valued function 

{alfPo 



H{u) 



, fits Assumption 



4 Environment as seen from the particle 

We now look at the environments as seen from the particle associated to the processes X and X: 
they both are i7-valued Mai^kov processes and ai^e defined by 

(10) Yt{u) = \x^u, and Yt{u) = Tt,x^uj, 

where the processes X'^ and X'^ both starts from the point G R'^. An easy computation proves 
that the generators of these Markov processes respectively coincide on C with S + Dt and L + Dt, 
where L is defined on C by 

2V d. 

(11) L = — Y, A(e-2^[a + H],,D, ). 

Hence vr is an invariant measure for both processes (see also |[T3l ). Both associated semigroups 
thus extend continuously to L^(rj, vr). We should point out that the invariant measure need not be 
unique. 
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5 Poisson's equation 



The aim of this section is, at first, to find a solution ux of the resolvent equation that can formally 
be rewritten (a rigorous definition of each term is given later), for A > 0, as: 

(12) \ux -{L + Dt)ux = h. 

Since the associated Dirichlet form satisfies no sector condition (even weak), existence and regu- 
larity of such a solution is generally a tricky work, especially in considering degeneracies both in 
time and in space. However, for a suitable right-hand side, this equation can be solved with the help 
of an approximating sequence of Dirichlet forms satisfying a weak sector condition. Thereafter we 
study the asymptotic behaviour of the solution ma as A — > 0. 

5.1 Setup 

Let us denote by {Pt)t the semigroup on L'^{Q,tt) generated by the process Y and by {P*)t its 
adjoint operator. Let us also denote by {Pt)t the self-adjoint semigroup on L^(r2, vr) generated by 
the process Yt{Lo) = x-f^- generator is S. From the time independence of the coefficients b 

and or, it is readily seen that, that V/ G vr), Ptf = TtflPtf = PtTt,of. As a consequence, 

Pt* = T.tfiPtf = PtT-tflf, in such a way that 

Pt{p:f) = p:{Ptf). 

The generator in L^(0, vr) of {Pt)t, wrongly denoted by [S + Dt], is then normal (see Theorem 
13.38 in lfT9l ) so that we can find a spectral resolution of the identity E on the Borelian subsets of 
M+ X M such that 

-[S + Dt]= [ {x + iy)E{dx,dy). 

JR+xR 

Actually, we have —5 = ^^xE{dx,dy), and — Dt = ^^iy E{dx,dy). Indeed, 5 
and /jg X E{dx, dy) are both self-adjoint and coincide on C. From lH Ch. 1, Sect. 3], they are 
equal. The same arguments hold for Dt and f^_^ iy E{dx, dy). 

For any (fi,tp L'^{^), denote by E^^^ the measure defined by E^^^ = {E(p, 1^)2- From now on, 
denote by (. , . )2 the usual inner product in L^(r2, vr). For any ipjtp C, define 

(13) {(p,'ip)i= xE^^^{dx,dy) = -{(p,Sip)2 

JR+xR 

and II v 111 = {(p, (p)i. By virtue of Assumption Q, this semi-norm is equivalent on C to the 
semi-norm defined by a/— ((p, S(p)2, 

(14) m||(p||? < -((^,5(^)2 < M||<^||?, 

where S is the Friedrich extension of the operator defined on C by (l/2)e^^ J2i j {^ '^^'^ij-^j ) • 
Let F (respectively H) be the Hilbert space that is the closure of C in L^(0) with respect to the 
inner product e (resp. k) defined on C by 

£iV>, V') = {<^, ^)2 + if, + (Dtif, AV')2 

(resp. K{(f, xp) = {(p, •0)2 + {(f, ip)i). 
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Define the space ID as the closure in (^^(0), | . I2) of the subspace {(— G C}. For 

any ip e C, define $((-5)^/V) = G (^^(^^))'' and note that |^>((-5)^/V) I2 = 

— ((^, S(fi)2- From ([T4l ). <I> can be extended to the whole space ID and this extension is a linear 
isomorphism from ID into a closed subset of {L'^{Q))'^. Hence, for each function u G H, we define 
V^u = $((— 5)^/^it) and this stands, in a way, for the gradient of u along the dii"ection a. 
For each / G L'^{Q) satisfying ^ Efj{dx, dy) < co, we define 



(15) = / -Efj{dx,dy). 

JM+xR X 

We point out that ||/||_i < 00 if and only if there exists C G M such that for any </5 G C, 
(/)¥')2 < For such a function /, ||/||_i also matches the smallest C satisfying this 

inequality. Remark that ||/||-i < 00 implies vr(/) = 0. Denote by EI_i the closure of L'^{Q) in 
H* (topological dual of H) with respect to the norm || 
Let us now focus on the antisymmetric part H. We have 



(16) \{u,Hv)\ <{u,\H\uf'^{v,\H\vf''^<C^{u,'SLuf'^{v,Uv] 



1/2 



The second inequality follows from (Q and the first one is a general fact of linear algebra. We 
deduce 

Vy.,^ G C, {l/2){HD.,^,D.,xl,)2 < Cf IIVIIillv'lli. 
Thus there exists an antisymmetric continuous biUnear form Th on ID x ID such that 

(17) V(^,^gC, il/2){HD,<p,D,'il^)2 = TH{i-S)'/^^,i-S)'/^iP). 

Likewise, with the help of Assumption 12.31 we define the continuous bilinear forms Ta, dtTa, 
dtTn, AsTa, AsTa on ID x ID C L'^{Q,7r) x L^{n,Tr) as follows: \/ip,'ip G C, 

il/2){aD,y,,D,'iP)2 = T4(-5)^/V, (-S)^/^), 

{l/2){DtHD^<p,D,iP)2 = dtTH{{-Sf^V,{-Sf'^'il^), 
(l/2)(A,aZ),(^,i?,,V')2 = A.T4(-5)VV, 
{l/2){k,HD.,<p,D^iP)2 = A.Th((-^)1/V,(-^)'/'^), 

where, for any s G M*, denotes the L^-continuous difference operator (remind of the definition 
of Tgfl in section|2]): 

(18) yfGL\n), A,(/) = (r,,o/ - 

From Assumption 12.31 the norms of the forms A^Tq and AgTn are uniformly bounded with respect 
to s G M* and the forms are weakly convergent respectively towards dtTa and dtTn- 
Now, denote by Ti the subspace of H_i whose elements satisfy the condition: 3C > 0, Vs > and 
Vcp G C, {h, Asif)-i^i < C\\(p\\i. For any h ^ H, the smallest C that satisfies such a condition is 
denoted ||^||t- Then H is closed for the norm || = || ||_i + || \\t- 

Finally, let us now extend the operator L defined on C by (ITTI ). For any A > 0, consider the 
continuous bilinear form Bx onM. x M that coincides on C x C with 

\f^, ilj(^C, Bxif, il^) = Xif, V)2 + [Ta + T^f] ((-5)i/V, • 
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Thanks to Assumption 12 . 3 1 and the antisymmetry of H, this form is cleai^ly coercive. Thus it defines 
a strongly continuous resolvent operator and consequently, the generator L associated to this resol- 
vent operator. More precisely, G EI belongs to Dom(L) if and only if B\{ip, •) is -continuous. 
In this case, there exists / G L?{Q) such that Bx{(p, •) = (/, •)2 and Lip is equal to / — Xip. It can 
be proved that this definition is independent of A > (see |[T2l Ch. 1, Sect. 2] for further details). 
Let us additionally mention that the adjoint operator L* of L in L^(r2,7r) can also be described 
through 5a. Indeed, Dom(Z*) = {(p e H; 5a(-, v) is -L^(f^)-continuous.}. If G Dom(Z*), 
there exists / G such that B\{-, ip) = (/, •)2 and L*ip is equal to / — Xcp. 

Remark 5.2. For each function (f £ C C M, the application Lip> can be viewed as a function of 
M_i. Indeed, G C, (L(^,^)2 = -[T^ + T^] ((-5)1/^, (-5)1/2^^) < [M + Cf ] ||¥^||i ||^||i. 
Hence, the application ip ^ L<p> G ]H[„i can be extended to the whole space H so that, for each 
function w G H, we can define Lu as an element o/EI_i even ifu Dom(Z). 

5.3 Existence of a solution: 

This section is devoted to proving existence of solutions of equation (fT2l ) for a suitable right-hand 
side. The difficulty lies in the strong degeneracy of the associated Dirichlet form. It satisfies no 
sector condition, even weak. However, it can be approximated by a family of Dirichlet forms with 
weak sector condition. 

For any G {0; 1}, A > and S > 0, define ^ as the (non-symmetric) bilinear continuous form 
on F X F that coincides on C x C with 

(19) Bisif,'^) = A(<^,^)2 + (l/2)([a + /f]Z?,(p,L»,'0)2-^(AV,^/')2 + (V2)(A¥', AV')2. 

In what follows, the parameter 6 (resp. 6) is omitted each time that it is equal to 1 (resp. 0). So the 
forms B\ ^, B^ q and Bj^ q are respectively simply denoted by Bx^s^ and Bx. 

Proposition 5.4. Suppose that h G L'^{Q) H Dom(Z)f) and d G H. Then, for any 9 G {0; 1} and 
A > 0, there exists a unique solution ti^ G F of the equation Xu\ — Lu\ — 9DtU\ = h + d, in the 
sense that \/(p G F, B^{ux, ip) = {h, ip)2 + {d, (p)^i^i. Moreover, DtU\ G EI and 

(20a) A|itA|2 + "T-lliiAlli < 1^12/^^ + ll^l-i/"^) 

(20b) \\DtUx\l+m\\DtUx\\l < \Dth\l/\+2\\dfT,/m+2{C^+C^f{\h\'^/X^\d\\'i^/m)/m^. 
In the case d G L'^{Vt), ux G Dom(L). 

Finally, Ux is the strong limit in Mas 5 goes to of the sequence {ux^s)x,S> where ux^s ^he unique 
solution of the equation: \/ip G F, B^^ s{''^x,S, 'P) = {h, ip)2 + {d, ip)-i^i, and the family {DtUx^s)5 
is bounded in L'^{Q). 

Before proving this result, we first investigate the case of time independent coefficients. On the 
first side, this is a good starting point for understanding the proof in the time dependent case and 
this will bring out the difficulties arising with the time dependency. On the other side, this result is 
needed in the last section of this paper in order to prove the tightness of the process X. 

Proposition 5.5. Suppose that h G L'^{Q,) Then, for any A > 0, there exists a unique solution 
Wa G EI n Dom(S') of the equation 

(21) Xwx - Swx = h. 
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Proof : The main tool of this proof is the Lax-Milgram theorem. Let A > be fixed. For any 
V, 'V' £ C, consider the bilinear form on C x C defined by 



Thanks to Assumption 12.31 this form is clearly coercive and continuous on C x C so that it can 
be extended to the whole space H x H. The extension is also coercive and continuous. Now, the 
application (p h-> (/i, ip)2 is obviously continuous on EI so that the Lax-Milgram theorem applies. 
It allows to construct a strongly continuous resolvent associated to A — S by way of classical tools 
(see 13 Ch. 1, Sect. 3] or (El Ch. 1, Sect. 2] for further details). □ 

Proof of the Proposition I5.4t Since the case ^ = and 6 = 1 are. quite similar, we only give the 
proof for ^ = 1. The existence of a solution relies on the Lax-Milgram theorem again. However, 
the considered bilinear form ([T9l ) with 5 = is not coercive on F because of the time differential 
term {Dfipjip). The strategy consists in making it coercive by adding a term {5 /2){Dt'p , Dtipi) 
(6 > 0) and then letting 6 go to 0. Notice that for 97, i/; G C, we have 

^[X-L-Dt- (5/2)A']v,^)2 = BxAf^ 

The continuity of Bx^ onCxCcFxF follows from Q and ( fT6l ). As a result of the time- 
independence of V , for any G C, we have Dtip)2 = 0. As a consequence, for any G C, 

(22) min(A, 6/2, m)e{(p, (p) < Bx^sif, (p). 

Hence Bx,5 defines a continuous coercive bilinear form on F x F. The Lax-Milgram theorem applies 
and provides us with a solution ux^s of the equation 

(23) Vy^GC, Bx,5iux,s,f) = ih,(p)2 + {d,if)^i^i. 
In particular, choosing (p = ux^s in ( [23] ). we get the bound 

(24) A|iiA,5l2 + "ill^A.^II? + S\DtUx,5\l < \h\l/X + MH^/m. 

Let us now to pass to the limit as S goes to to obtain a solution G F of the equation 

(25) V(^gC, Bxiux,'f) = {h, if )2 + {d, if) ^i^i. 

We are faced with the problem of controlling DtUx.s as 5 goes to 0. The idea lies in differentiating 
equation (|23] | with respect to the time variable in order to establish an equation satisfied by DfUx^s, 
from which estimates will be derived. So, we define for each fixed X,6 > 0, Vg = AgUx^s (the 
parameters A, 6 of Vg are temporarily omitted in order to simplify the notations) and we easily 
check that Vg solves the following equation 

(26) yifGF, Bx,5ivg,ip) = Fg{ip), 
where Fg is a continuous linear form on F defined, \/(f G F, by 

(27) Fg{if) = {Agh, if)2 - {d, A_.(p)_i,i - [AgTa + AgTH]{{-S)^/^Tg,oUx,5, (-S)i/V) • 
From Assumption 12.31 it is readily seen that 

Fgiif) < \Dth\2\if\2 + ||d||T||¥'||i + {C^ + C2^)||wA,5||i||¥'||i, 
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for any s G M*. Therefore 

(28) Bx,s{Vs,Vs)=Fs{Vs) < |A^|2|''^s|2 + ||rf||T||(^l|l + ('^2 +'^2^)II^^A,5||l||''^s||l. 

Using estimate (1241) in (l28l) . we have 
(29) 

\\vs\l + m\\vs\\l + 5\DtVs\l < \Dth\l/X + 2\\d\\l/m + 2{CI + C^)'^{\h\'^/X+\\d\\'i^/m)/rn'^. 

So, the family {vs)seR* is bounded in F. Even if it means extracting a subsequence (still denoted 
by (vs)sgm*)' {'^s)s£M.* converges weakly in F towai^ds some function G F as s goes to 0. On 
the other hand, since ux^s G F C Dom(Z)f), {vs)s£m.* also converges strongly in L'^{Q,) towards 
DtUx^s, so that DtUx^s G ^ and satisfies bound ( |29l ) instead of Vg. In particular, {DtUx^s)5>o is 
bounded in EI independently of 5 > and so is (wa,5)(5>o ^- Thereby, there exists a subsequence 
{ux^s, DtUx^s)5>o C F X H, still indexed with 6 > 0, that converges weakly in F x H towards 
{ux, DtUx) G F X H as (5 ^ 0. In particular, SDtUx^s ^ in L?'{Q) as 5 goes to 0. So we are in 
position to pass to the limit as 6 goes to in (|23] ). Obviously, ux is a solution of (|25] ). Uniqueness 
of the weak limit raises no particular difficulty since two weak limits ux and wx satisfy Vy? G F, 
Bx{ux — "Wx, = 0- It just remains to choose (p = ux — wx- (I20al ) and (120b I ) respectively result 
from (IMll and d^. If d G ^^(O), note that G F C M and Bx{ux, ■) = {h + d + DtUx, •)2 is 
L^-continuous so that ux G Dom(L). 

Let us now investigate the strong convergence in F of {ux^s)x,s towards ux as 6 goes to 0. Let us 
make the difference between (1231 ) and (1251 ) and choose tp = ux^s — ux, this yields 

Bx,5iux,5 - ux,ux^5 - Ux) = {6/2){DtUx,DtUx - A'«a,<5)2, 

and this latter quantity converges to as 5 goes to because of the boundedness of the family 
{\DtUx^5\2)x,5- (|22]) allows to conclude. □ 

5.6 Control of the solution 

Our goal is now to determine the asymptotic behaviour, as A goes to 0, of the solution u\ of the 
equation (in the sense of Proposition 15.41 ) 

(30) Aul - Lu\ - Dtv!^ = hi. 

More precisely, we aim at proving that A|m^|2 — > and that (V'^u^)a converges in {L'^{Q)Y as A 
goes to 0. Our strategy consists in showing that the operator A — -L — is just a perturbation of 
the operator A — — L't. so that the study can be reduced to studying the solution of the equation 

Xvx - Svx - Dtvx = bx, 

where 6a will be defined thereafter but possesses a strong limit in EI_i. This latter equation is 
more convenient to study because the operators S and Dt can be viewed through the same spectral 
decomposition. Thus, the purpose of this section is to prove the following Proposition 

Proposition 5.7. Let {bx)x>o be a family of functions in IH__i n L^(r2) which is strongly convergent 
in EI_i to 6o- Suppose that there exists a constant C (which does not depend on X) such that Vs > 
and \/if G C, 

{bx,K,^)2<C\Mi. 
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Then the solution u\ ^¥ of the equation Xux — Lux — D^ux = bx (in the sense of Proposition 
15.41 ) satisfies: 

• there exists ?7 G ID such that {—S)^^'^ux rj as X goes to in ID, 

• X\ux\2 ^ as X goes to 0. 

As for the existence of the solution, let us first investigate the time independent case by way of 
introduction. 

Proposition 5.8. Let h be in E[_i n L^(J7). For any A > 0, let wx be defined as the unique solution 
in H of the equation 

Xwx — Swx = h 

Then X\wx\2 and there exists C G (-^^(^))'^ such that \V^wx — Cb ^ as X goes to 0. 

Proof : Keeping the notations of Proposition 15. 5[ wx solves the equation: \/ip G H, Dx{wx, (p) = 
{h,(p)2. Choosing (p = wx and using h G IHI^i, we have AjiUAll + "i||'''^a||i < 
Thus, even if it means extracting a subsequence, we can find g G L'^{n) such that {{-Sy/^wx)x 
converges weakly in towards gf as A tends to 0. Moreover {Xwx)\ clearly converges to in 

L^(r2). For any <^ G H, passing to the limit as A goes to zero in the expression 

(31) X{wx, v>)2 + Ta{{-S)'/^wx, i-S) '/V)2 = Dxiwx, <p) = (h, ^)2, 

we obtain Ta{g, {—SY^'^tp)^ = (/i, ip)2- Making the difference between the last two equalities, 
subtracting Ta{{—SY/'^wx — g,g) and then choosing {—S)^/'^ip = {—S)^/'^wx — g, we obtain 

X\wx\l + T4(-5)V2^, - g, (-5)1/2^;, -g) = -T,{{-S)'/''wx -g,g). 

Due to the weak convergence of {{—Sy^'^wx)\ to g in ID, the right-hand side converges to as 
A goes to 0. So does the left-hand side. Since Ta defines an inner product on ID equivalent to 
the canonical one (Assumption 12.31 ). this completes the proof of the strong convergence up to a 
subsequence. Uniqueness of the weak limit is clear since two weak limits g and gi' G ID satisfy: 
Wif G C, Ta{g - g', {-Sy/'^if) = 0. Finally, since the convergence in ID of {{-Sy/^wx)x is 
equivalent to the convergence of {'V'^wx)\ in {L'^{^}))'^, we complete the proof. □ 

Proposition 5.9. Let (6a)a>o be a family of functions in EI_i that is strongly convergent to bo in 
EI_i. Let {vx)x>o be a family of functions in F that solves the equation (for any A > Oj Xvx — 
Svx — DtVx = bx in the following sense, 

(32) G F, X{vx,f)2 + {vx,f)i - {Dtvx,f)2 = {bx,'p)2- 

Then there exists G ID such that X\vx\2 and \ {—S)^^'^vx — 'n\2 Q as X goes to 0. 

Proof: From Lemma 15.101 and Lemma 15.111 below, we can assume that, for any A > 0, G 

I/2(r2) n Dom(Z)t) n IHI_i and converges to &o ^ ]H_i. Then vx G Dom(§) (see Proposition ISH). 
Remind that —S = f^^^^x E{dx,dy) and —Dt = f^^^^iy E{dx,dy). Choosing (p = vxin 
(l32l ). we have 

(33) X\vx\l + \\vx\\l = {bx, vx)2 < C\\vx\\i < C\ 
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where C = sup;^>o II^a||-i- Thus we can find S ID and a subsequence, still denoted by (i'a)a> 

such that (^—SY/'^vx^ converges weakly in L^(r2) to h. 

Now we claim sup;y>o II-^'^aII-i < oo and sup;)^>o ll-Dti^All-i < oo. 

\{\vx,f)2\ = I / \{\ + X + iy)~^ dEb^^^\ 

JR+xR 

^ JR+xR ^[('^ + +y \ ' ^JR+xR 



A>0 ^ JR+xR ^ 



= sup ||bA||-i||¥'||i- 

A>0 

Since DfVx = Xvx — Svx—bx and < II''^a||i, DfVx G IHI_i and sup;^>Q ||DjI)a||-i < oo. 

Then there exists a bounded family (-Fa)a>o of continuous linear forms on ID C L'^{Q) such that 
VA > 0, Vyj G C, Fa((-5)^/V) = (Dtvx, ^)2- Moreover, from {Xvx)x converges to 
in L^{n) so that, y^pGC 

Fa((-5)^/V) = (A^A,<p)2 + ((-S)^/2^A,(-5)^/V)2-(bA,¥')-i,i 
^ (^(-5)VV)2-(bo,¥')-i,i 

as A goes to 0. Hence, (-Fa)a>o is weakly convergent in ID* (topological dual of ID) to a limit 
denoted by Fq. 

We now aim at proving -Fo(^) = 0. Using the antisymmetry of the operator Dt 

Fx{i-S)'/^v^) = {Dtvx,v^)2 = -{Dtv^vx)2 = -F^{{-S)'/\x), 

we pass to the limit as A goes to and obtain Fq{{—S)^^'^v^) = —F^{h). It just remains to pass 
to the limit as /i goes to 0, it yields FQ{h) = —FQ{h) = 0. 

Let us investigate now the limit equation, which connects Fq, h and &o- First remind of (|33] ). which 
states A|i>a|2 < and as a consequence Xvx ^ as A goes to 0. Then, we are in a position to 
pass to the limit as A tends to in (l32l ). and this yields, for any (p (^¥, 

1- 



(34) {h, (-5)VV)2 - Fo((-5)i/V) = (bo, 



Let us now establish the uniqueness of the weak hmit. Let h and h' be two possible weak limits of 
two subsequences of (i'a)a> and Fq,F'q the corresponding linear forms defined as described above. 
Then (l34l ) provides us with he following equality: 



(35) Vy.GF, {h-h\i-S)'/^<p) = [Fo-F',]i{-S)'/^^). 

Using the antisymmetry of the operator Dt again, we obtain 

Fx{{-S)'/^v^) = {Dtvx,v^)2 = -{Dtv^,vx)2 = -Ff,{{-S)'/^vx). 

Let us first pass to the limit as A goes to along the first subsequence, and then pass to the limit as 
H goes to along the second subsequence, we obtain 

Fo{h') = -F'oih). 
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Now, it just remains to choose {—Sy^'^ip = h — h' m ( [35] ) and this yields 

\h-h'\l = -Fo{h')-F'^{h) = Q. 

Hence the weak convergence holds for the whole family. Let us now tackle the strong convergence 
of (^;a)a- Choosing ip = v\ in (l34l ). using Fo{h) = and passing to the limit a A goes to 0, this 
yields 

(36) {h,h)2 = lim(&o,f a)-i,i = lim (6a, f a)-i,i = lim [AI^aII + II^aII?]- 

A — ^0 A — ^0 A — 

In particular, \h\2 = limA^^o \ {—S)^^'^vx\2- Thus, the convergence of the norms implies the strong 
convergence of the sequence ((— S')^/^i?a)a to h in L^(ri). As a bypass, (l36l ) also implies the 
convergence of (A|ua|2);,, to 0. □ 

Lemma 5.10. For each function b G EI-i, there exists a family {bx)x of functions in n 
Dom(Df) n ]HI_i such that \\b — bA||_i converges to as \ goes to 0. 

Proof: Let us consider the solution wx E H of the equation Xwx — Swx = b (see Proposition 
Then, for any G C, 

{Xwx,<p)2 = / X{X + x)~^ dEb,^{dx,dy) 
Jr+xr 

< ([ X'^x-\X + x)-^dEb,b{dx,dy)y^'^\\ip\\i. 



Since b £ H_i, we have /k+xR^~^ dE^^bidx, dy) < oo. Thus the Lebesgue theorem ensures that 
the above integral converges to as A goes to 0. Hence, ||Ai»;a||-i converges to as A goes to 0. 
We can now choose a family (¥'a)a in C such that \\wx — ipxW^ — > as A goes to 0. Finally, 

\\b - S(fx\\~i < \\b- Swx\\~i + \\Swx - S'c^aII-i < ||AifA||-i + a - fxh 

also converges to as A tends to and, clearly, Sipx ^ L'^{^) n Dom(L't)- D 

Lemma 5.11. Let (6a)a <^nd (6a) a be two families in ]H[„i such that \\bx — 6^||_i ^ a^' A goes 
to 0. Let {vx)x and {v'^)x two families in ¥ solving equation (l32l) with respectively bx and b'x as 
right-hand side. Then X\vx — '^'aII + ll''^A ~ ''^aIIi ~^ ^ ^'^ go^i' to 0. 

Proof: Making the difference between the two equations corresponding to vx and v'^, this yields 
for any G F, 

A(f A - v'x, <p)2 + {vx - v'x, f)! - {DtVx - Dtv'x, ip)2 = {bx - b'x, 

Choosing (p = vx — v'^, we easily deduce X\vx — v'y^\\ + H^a — i'aIIi < ||^>A — ^aII-i- The result 
follows. □ 
Let us now investigate the general case, that means that we aim at replacing S by L in Proposi- 
tion [5i9l We first set out the main ideas of the proof. Let us formally write 

X-L-Dt = X-S-Dt-{L-S) 

= {l-[L-S]{X-S-Dtr'){X-S-Dt) 

If we can prove that [L — S~\{X — S — Dt)~^ defines a strictly contractive operator, then we will be in 
position to inverse it. It turns out that it is actually bounded but not strictly contractive. To overcome 
this difficulty, we introduce a small parameter 6 to make the operator (^[L — S] (A — S — Dt)~^ 
strictly contractive. Then, an iteration procedure proves that 5 can be chosen equal to 1. 
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Proposition 5.12. Let (&a)a>o a family of functions in IH„i that is strongly convergent in EI_i 
to some bo G ]HI_i and bounded in 7i. Then there exists 5o > such that, for any < 6 < 60, for 
any A > 0, the solution (in the sense of Proposition [57?! ) W;^ G F (with D^Ux G H) of the equation 

Xux - 6Lux - (1 - S)Sux - Dtux = bx, 

satisfies: 3r) G L^(J7) such that X\ux\2 + I (— 'S^)^''^''^A — as X goes to 0. 

Proof: Consider the operator Px : H ^ H defined by Px{b) = {L-S){X-S - Dt)~^{b). Note 
tliat Proposition 153] applies for all coefficients a and H satisfying Assumption 12. 3 1 In particular, it 
works for a = 2 and H = 0, so that Px is well defined. Lemma [5.131 below proves that ||-Pa||w->?^ 
is bounded with a norm that only depends on the constants M, , and (see Assumption 
12.31 ). Therefore, we can choose 6q > such that Po-PaIIh^?^ < 1 (actually < [2(2 + M + 
)(1 + Cf + Cf )] "^). For < 5 < 5o, we can then define the operator [I - 6Px]~^ : Ti. — > Ti.. 
Note that {X - 6L - (1 - 6)S - Dt)~^ = [X-S - Dt)~^ [l - 5Px] "^ Thanks to Proposition 
15.91 it is sufficient to prove that [l — 5Px\ ^(bx) is convergent in ]HI_i. But [l — 8Px\ ^(^a) = 
^^o('^-^-^)"(''^)- Lsrnma [5.131 ensures that the sum converges uniformly with respect to A > 0. 
It just remains to prove that, for each fixed n > 0, (((^Pa)"(^>a))a converges in EI_i. This can be 
proved by induction on n G N. For n = 0, (bA)A>o is convergent by assumption. Then, if the 
family {{5Px)^{bx))\ is convergent in ]HI_i, we can apply Proposition 15. 9! to ensure that the family 
{{-Sf/'^iX -S- Dt)-^[{5PxT{bx)])^ converges in L^{n). This implies the convergence of 
((<5PA)"+H&A))AinM_i. □ 

Lemma 5.13. The norms of Px : {H, || • ||-i) (H-i, || • ||-i) and Px : {H, \\ ■ Wn) (W, || • Wh) 
are both bounded from above by 2(2 + M + )(1 + + C^). 

Proof : Fix 6 G Let G F (with DtUx G H) be the solution of the equation (apply Proposition 
[511 with a = 5, ii" = 0, ft. = and m = 1) 

Vv? G F, A('iiA, + {ux, <^)i - {DtUx, ^p)2 = {b, 
It derives from ( |20a| ) that A|ma|2 + II'^aIIi < such a way that 

IIPaWII-i = ||(i^ - S)ux\U < (1 + M + )||iia||i < (1 + M + )||&||_i. 
This proves the first point. 

Consider now it G F with Dtu G H. An easy computation proves that, for any s G M* and tp ^ C, 

Ta{{-Sy/'u,i-S)y'As^) = -A.,Ta{{-~Sf/^u,{-Sfl'^) 
(37) -T4(-S)i/2A,n,(-5)V2r,,o¥') 

< Cf + M||Ait||i||v||i- 

In the above inequalities, we use ||u||i = ||Ts oit||i and ||Asii||i < This latter point can 

be proved for ti G C as follows 

\\K,u\\\ = -{KsU,SK,u)2 = - [ [ {DtTr,ou,SDtTu,ou)2drdu<-{Dtu,SDtu)2. 

Jo Jo 
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The general case is treated by density arguments. 

Asin(l37l), wehaveTH((-5)i/2ii,(-S)i/2A,v') < ||w||i||(^||i + Cf || Aw||i||¥'||i- Hence, 
||(L - S){u)\\t < (Cf + C^)\\uh + (Cf + M + 1)11 A^lli. 

Then, Proposition |54] ensures that DtUx G H and HAwaIIi < 2||6||t + 2(C|^ + Cf)||&||_i (see 
(I20bl )) so that we finally obtain 

(38) \\Px{b)\\T < {Cf + C^)\\b\U + 2(Cf + M + 1)(||6||t + (Cf + C2")||b||_i) . 

The result follows. □ 
Proof of Proposition I5.7t The last step before proving Proposition 15.71 consists in lifting the re- 
striction of the smallness of 6o. The previous construction provides us with 6o strictly less than 1. 
We perform an induction to get round this restriction whose initialization is the construction of Sq. 
The second step consists in iterating our arguments to the operator 

X-{6o + 6i)L-{l-6o-Si)S-Dt 

= [l-5i{L- S)[X - 6oL - (1 - 6o)S - A]"'] (A - 6oL - (1 - So)S - Dt). 

We exactly repeat the proof of Proposition 15. 12l except that the operator \ — {\ — 5q — 6i)S — {6q + 
5i ) ly — play s the role of the operator \—{\ — 5Q)S—5QL—Dt and we apply Proposition 15.121 with 
the operator \—{\—5i)S—5iL—Dt instead of applying Proposition 15 .91 with X—S—Dt- Of course, 
a restriction about the smallness of 5i is imposed by this procedure. Even if it means substituting a 
with ma, we assume, without loss of generality, that m = 1. Thus Lemma [5.131 remains valid for 
the operator Pi : H ^ H defined by Pl{h) = {L - S){X - (1 - 6o)S - 5qL - Dt)-^{b). This 
is of the utmost importance because that means that we can choose 6i = Sq. Thus we can iterate 
these ai-guments until we find Sn such that 6o + 6i + ■ ■ ■ + 5n > ^ and such that Proposition 15. 121 
still holds except that 5 < (5o is everywhere replaced by 5 < 6o + 6i + ■ ■ ■ + 6n- Proposition 15.71 
follows. □ 
Now let us prove that the drift b of the diffusion process X fulfills the assumptions of Proposi- 
tion |5]7] To this purpose, let us establish 

Lemma 5.14. For each f G {1, . . . , d}, 6j belongs to ]HI_i and Vs G M, G C, 

(6„A,(^)_i,i < {C^ + C^)\{aEi,E,)2\'l^\Mi. 
Proof: Let (E'l, . . . , Ed) be the canonical basis of W^. Then we have 

j 

-l/2{[a-H]Difi,Ei)^ 

< l/2\{aD^,E,)^\ + l/2\{HD<p,Ei)^\ 

Cauchy—Schwarz 

< M\Mi\{aEi,E,)2\^/^ + Ci'Mi\{aE,,E,)2\^/^ 
and this proves the first point. Then, Vs > 0, \/ip G C, we have 

(6„A,</.)„i,i = -{l/2){[a + H]E„AsD^)^ 

{l/2){A^s[a + H]E,,Dip)^ 



Assumption L.^ , 

< iCI + C^)\iaEi,E,)2\^/^Mi □ 
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6 Ito's formula 



We are not in a lucky situation of working on an explicit Dirichlet form connected with the generator 
in L^(r2, tt) of Y, wrongly denoted by [L + Dt\. This raises the following issue: given a function 
/ G L^(r2) and the function ux that weakly solves (see Proposition 15.41 ) Xux — {L + Dt)u\ = /, 
does the "Ito formula" apply to u\ and to the process Y. Indeed, it is not clear that the construction 
of u\ in Proposition 15.41 belongs to the domain of the generator of Y . The key tool is the regular 
approximation {u\ s)5 provided by Proposition |5.4| for a suitable function /. 
Let us consider a standard 1-dimensional Brownian motion {B[;t > 0} that is independent of 
{Bt]t > 0} in such a way that {{B'^, Bt);t > 0} is a standard d+ 1-dimensional Brownian motion. 
Define then the d + 1-dimensional diffusion process X'^'^, starting from 0, as the solution of the 
SDE: 



(39) 



1 



b{Xr 



,UJ 



dr + 



y/6 
a{X^'\uo) 



d{B',B) 



The associated diffusion in random medium Y^ defined by Y^{lo) = t^uj,suj is a 0-valued Markov 
process, which admits vr as invariant measure (similar to section lU. It also defines a continuous 
semi-group on L?'{Q). The associated (non-symmetric) Dirichlet form is given by (fT9l ) (with 6 = 1) 
with domain F x F and satisfies a weak sector condition (see |[T2l Ch. 1, Sect 2.] for the definition). 
The generator is defined on Dom(L^) = {u € ¥;B\^^{u, •) is L^(ri)-continuous} (see |[T2l 
Ch. 1, Sect 2.] for further details). It coincides on C with L + Dt + {5/2)0^. Since b and a are 
globally Lipschitz (Assumption 12.21 ). classical tools of SDE theory ensures that 



(40) 



/ ]E[ sup \{t, X^) - X^'^l"^] dvr ^ as (5 goes to 0, 
Jn o<t<T 



where both diffusions start from 0. 

Proposition 6.1. Let f G L^(0) and a family (wa)a>o ^ ^uch that: 

1) \/ipe¥,Bx{ux,<p) = {f,<p)2, 

2) for each A > 0, there exists a sequence {ux^s)5>o in ^ that converges in M towards u\. Moreover 
(wa,<5)5>o £ Dom(L^) and satisfies Xux^s — L^ux,s = /. 

3) for each fixed A > 0, {DtUx^s)5 bounded in 

4) each function Ux,s has continuous trajectories, that is, for fi almost every lo £ Q, the function 
{t,x) S M.'^'^^ ux^s{Tt,x^) is continuous. 

Then, a.s., the following formula holds 

ux{Yt) = ux{Yo) + [\xux - f){Yr) dr + f V^w^y,) dB,. 
Jo Jo 

where is the law of the process Y starting with initial distribution tt on Q. 

Proof: Since ux^s € Dom(L^) and Xux.s — L^ux^s = f, we can write (see Lemma ld!2] below) 

uxAYt') - uxAYo) 

(41) = ^ L^uxAY^^) dr + 5^2 ^ DtUx^Y^^) dB', + ^ V^ul^Y,^) dB,. 

= [\xux,s-f]{Yr')dr + 5'/^ r DtUx,s{Y,')dB',+ f V^ul^Y,') dB^. 
Jo Jo Jo 
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Thanks to ( |40l ). the convergence, as 5 ^ 0, of {ux^s)x,5 towai^ds ux in H and the boundedness of 
{DtUx^s)5 in L'^i^), we can pass to the hmit in (|4T] ) and complete the proof. □ 



(42) 



Lemma 6.2. Keeping the notations of Proposition \6.1\ the following formula holds, a.s., 

ux,5{Yh - ux,5{Y^) = f L^ux,5{Yr^) dr + 5^'^ f Awa,5(^/) dB', + f V'ul ^(y/) dBr- 

Jo Jo Jo 

Proof: Since ux,5 G Dom(L'') , the difference ux^siYt^) - ux^siX^) - ux,5{Y^) dr is a 
square-integrable continuous P^-martingale, denoted by Mf . Moreover, for a function G C, 
the classical Ito formula yields - Lp{Y^) = /g * + '^^''^ /o Avl^/) ^^^r + 

V'^(p*(y/) dBr- Then the process t ^ ux^siY^) — ^p{Y^) is a continuous semimartingale and 
Theorem 32 in ifTSl Ch. 2, Sect. 7] (applied with the function x G M i— > x^) yields a.s., 

{ux,s{Y,')-<p{Yl)f 

= {ux,&{Y^') - ^{Y^)f + 2 / {ux,s - V>)L'{ux,s - <^)(y/) dr 

Jo 

+ 2 / {ux.s - <^)(y/) {dM^ - 5^1^ DMY^^) dB', - V>*(y/) dBr) 
Jo 

+ 2[M- / 5^/^Dt<p{Y,^)dB[.- [ V>*(y/)(iB,]^, 
Jo Jo 

where [X] stands for the quadratic variations of the martingale X. Integrating with respect to the 
measure tt, the martingale term vanishes and we deduce 

(43) IE42[M- / 5'/^DMYr^)dBl- [ V>*(y/) di?,] J < 25^,5^,5 - V^, iiA,5 - ¥')• 
Jo Jo 

Choosing a sequence {iPn)n in C that converges in F towards ux^s, we easily complete the proof 
with the help of ([43]). □ 
Note that the time reversed process 1 1— > Y^_^ is a Markov process with respect to the backward 
filtration {Gf)o<t<T, where is the u-algebra on generated by |y/; t < r < T}, and admits 
the adjoint operator (L^)* of in L'^{Q, tt) as generator, which coincides on C with L* — Df + 
((5/2)Z)j . From (l40l ). t y^_^ approximates the process t h->- Yr-t as 6 tends to 0. It is then 
readily seen that we can slightly modify the proof of Proposition 16.11 and prove the 

Proposition 6.3. Let f G L^(r2) and a family (wa)a>o ^ that: 

1) yife¥,Bx{<p,ux) = {f,'p)2, 

2) for each A > 0, there exists a sequence {ux^s)5>o t^'^t converges in H towards ux- Moreover 
{ux,5)s>o G Dom(L'^)* and satisfies Xux^s - {L^)*ux,5 = /■ 

3) for each fixed A > 0, {Dtux.s)s is bounded in L'^(Q). 

4) each function Ux^s has continuous trajectories, that is, for /i almost every uj € i}, the function 
{t,x) G M.'^'^^ ux,s{Tt,x^) is continuous. 

Then, JP^^ a.s., the following formula holds 

ux{Yt -t) = ux{Yt) + Aai^a - f){YT-r) dr + (Mj - Mq) 

Jo 

where M is a martingale with respect to the backward filtration {Gt)o<t<T, <^fid Qs is the a- 
algebra on 57 generated by {Yr;t < r < T}. Moreover, the quadratic variations of M exactly 
match /q ■ VuxiYx-r) dr. 
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7 Ergodic Theorem 



Let us now exploit the ergodic properties of the operator S stated in Assumption |2]4] and prove 

Theorem 7.1. Let f e L^{n). Then 

ft 

as t goes to oo. 



IE. 



- [ m)dr-'K{f) 
^ Jo 



Proof: We suppose at first that f £ C. Even if it means considering / — vr(/) instead of /, we 
assume that vr(/) = 0. Clearly, / G Dom(Df) and Proposition 15.41 applies. For each A > 0, it 
provides us with a function G F such that 

(44) V(^GF, Bx{ux,if) = {f,if)2. 

Moreover, (I20al ) and (120b I ) ensures that the families {Xux)x, {XDtUx)x and {X^/'^{—S)^/'^ux)x are 
bounded in L^(il). Even if it means considering a subsequence, we assume that {Xux)x, {^Dtux)x 
and (A1/2(-5)1/2ua)a weakly converge respectively to g, g' and G in L^(r2). Since the operator 
Dt is closed, it turns out that g' = Dtg. Let us now prove now that g G Dom(L). Consider 
ip G Dom(L*) . Then we derive from (l44l ) that 

A(/, <p)2 = ^Bx{ux, ip) = A^(ua, 'P)2 - (AtlA, L*(p)2 - {XDtUx, (p)2- 

Passing to the limit as A goes to 0, we deduce {g, L*ip)2 = —{Dtg, <p)2- Hence g G Dom(Z**) = 
Dom(ly) C EI and Lg = —Dtg. In particular 

m\\g\\\ < -{g,Lg)2 = {Dtg,g)2 = 

so that g G Dom((— 5)^/^) and {-S^^'^g = 0. As a consequence, g G 000(5) and Sg = 0. 
From Assumption 12.41 g is invariant under space translations in such a way that Dtg = —Lg = 
and g is also invariant under time translations. Thus the ergodicity of the measure /i implies that g 
is constant (fi a.s.). Choosing (p equal to the constant function 1 in (l44l ). we deduce g = 0. We now 
aim at proving that the convergence of (AiiA)A towards holds in the strong sense. In what follows, 
we make no distinction between G M and the constant function that matches over Q. We just 
have to write 

= (0, /)2 = lim(AMA,/)2 = lim 5a(Ama, Ama)2 > limsup IAuaII- 

A^O A^O A^O 

Note now that the approximating family {ux^s)5 provided by Proposition I5.4l is given by ux,s{^) = 
e-^'"JEo[f{Xr'\Lo)]dr. For each {t,x) G M'^^^ the law of the process (t,x) + X^*>-'^'<5, 
-^Tt,xi^,5 starting from G M'^^'^, is the same as the law of the process X'^'^ starting from {t, x) G 
R'^+^ (see the proof at the end of Section[8]l. Hence ux,5{Tt,xUj) = e~^''JEt,x[f{Xr'^,io)] dr. 
Since / is smooth and X'^'^ is a Feller process, ux^s has continuous trajectories. Thus Proposition 
16.1 [ applies and it yields 

/* f{Yr) dr = {ux{Y^) - ux{Yt)) + f Xux{Yr) dr + f V^u^y,) dB^. 
Jo Jo Jo 

Thanks to (I20al ) and the invariance of the measure tt for the process Y, we can find a constant C, 
which depends neither on A nor on t, such that 

IE.|^ r f{Yr) drf < C/{tXf + C\Xux\l + C/{tX^'^). 
* Jo 
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It just remains to choose A small enough and then t large enough to complete the proof in the case 
f € C. The general case is treated with the density of C in L^{Q) and the invariance of the measure 
TT. Since it raises no particular difficulty, details are left to the reader. □ 

8 Invariance principle 

Notation : 

Up to the end of this paper, for i G {1, . . . , d} we denote by u\ the solution of the equation (in the 
weak sense of Proposition 15.41 ) 

Xu\ - Lu\ - Dtu\ = bi. 

From Proposition 15.71 there exists G such that A|w\|2 + — V'^ii\|2 ^ as A goes 

toO. □ 
Applying the Ito formula (see Proposition 16. II ) to the function u^2 yields 

where 



^^ = 6-^ / u^2{r,X;;^,io)dr-eu^2{t/e'',X^,2,uj)+eu^2{0,0,io). 
Jo 

For the reader's convenience, it is worth recalling that Yj = Tt,x" and is the law of the process 
Y with initial distribution tt. We want to show that the finite dimensional distributions of the process 
H^'^ converges in P7r-probability to 0. Using the Cauchy-Scharz inequality and the invariance of 
the measure tt, we get the estimate 

IE.[(//r)']<3(2 + t2)e>,,|2 
and this latter quantity converges to as e goes to 0. 

Let us now investigate the convergence of the process t ^/o^^ ('^ + V^u*^){Yr) dBr whose 
quadratic variations are given by 



e 



[ ' {a + V''u*2){cT + V''u*2T{Yr)dr = e^ [ ' [a + e){(T + enYr) dr 
Jo Jo 

+ (e^ j'^' (cr + V''ul,){a + V'ul.yiYr) dr - J^^' {a + ^*)(<t + CTiYr) dr 



With the help of Theorem 17.11 the finite dimensional distributions of the former term in the right- 
hand side converge in L^iW^^) to the ones of the process t i— > At, where the matrix A is given 
by 



(45) 



A= f {a + Oia + CYd-n. 
Jn 



The finite dimensional distributions of the latter term in the right-hand side converge in L^(P7r) 
to 0. Indeed, after integrating with respect to the probability measure F^^, it is bounded by 
Ct\\/°' u^2 — ^l^. Hence we conclude by applying the central limit theorem for martingales that 
the finite dimensional distributions of the process £X^^^2 converge in law to the ones of the process 

A'/^Bt. 
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Proposition 8.1. The process ^X^j^i is tight in the space C([0, T]; M ). Hence it converges in law 
in the space C([0, T]; M'^) towards the process 

Proof : The next section is devoted to the proof of the tightness □ 
Let us now to determine the limit when the starting point is not but x/e. 

IE./.[/(eXr/,.)] =IEo[/(x + <;:r^^'^)] '"'™-'-^]Eo[/(x + eXr/,0] 
^lE[f{x + A'/'B,)] 

For the first above equality we used the following fact. If 



Xt = x + 



/ b [r, Xr,uj) dr + / a {r, Xr,u>) dBj. 
Jo Jo 



and Zt = Xt — X then Zt solves the SDE 

Zt = [ b (r, Zr,Ti^o,x)^) dr+[a (r, Zr,T(^o,x)^^) dBr, 
Jo Jo 

so that the law of the process X"^ starting from x G M'^ is equal to the law of the process x + X'^'^'^ 
where X'^'^^ is starting from 0. We sum up: 

Theorem 8.2. Let f be a continuous, bounded function on M*^. Then the solution z{x,t,uj) of 
the partial differential equation ^ with initial condition z{0,x,u!) = f{x) satisfies the following 
convergence: z{x j e^tj ^uS) converges in -k -probability e ^ IE [/(x + A^I'^Bt)^, which is 
the viscosity solution of the deterministic equation (O with the same initial condition. The matrix 
A is given by 

A = [ (cr + r)(o- + r)*dvr. 
Jn 

9 Tightness 

Let us now investigate the tightness in C([0, T]; M'^) of the process 

Jo Jo 

The tightness of the first term in the above right-hand side is readily derived from the Burkholder- 
Davis-Gundy inequality and the boundedness of the diffusion coefficient a. Concerning the second 
term, we are going to exploit ideas of ll20l or ll22l . 

For any i e {1, . . . ,d} and A > 0, we put wx = (A — S)~^bi G H n Dom(S') (see Proposition 
I5.5I ). Proposition [5]4] (with 6 = and H = 0) also ensures that wx G F, DtWx G H. For each fixed 
A > 0, we can find a sequence (V'a)" ^ ^^^^ '^^at ||'!/'" — wx\\i + \\Dt'ip'^x ~ DtWx\\i converges to 
as n goes to oo. Define = (1/2) X];, ^ [Hj^iDkip^x] ■ Frorn Proposition [5]4j we can find two 
sequences {v^)n C F n Dom(L) and {vx)n C F n Dom(L*) that respectively solve the equations 
(A — L)lfl = hi — A" and (A — L*)v^ = bi + A". Moreover, the functions and possess a 
corresponding approximation sequence {v^g)s>o and {vxs)s>o (see Proposition 15.41 ). which both 
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have continuous trajectories since ± A" have. We ai"e then in position to apply Proposition 16.11 
For any < t < T and A > 



vl{Y,)-vl{Yo)= [ [Lv-, + D,vl]{Yr)dr + MT'-Mo'' 
Jo 

= [ [Xvl-bi + A'l + Dtvl]{Yr)dr + M^^^-M 
Jo 



where A^"''^ is a martingale with respect to the forward filtration {Tt)o<t<T, and Tt is the cj-algebra 
on generated hy {Yr\^ < r < t] . From Proposition I6.3[ we also have 

vWo) - vliYt) = [\l*vI - Dtvl] (Yr) dr + M^'" - M^'" 
Jo 

= I [^vl-hi-Al-Dtvl]{Yr)dr + M:^^''-M}^\ 
Jo 

where Al"'^ is a martingale with respect to the backward filtration {Qt)o<t<T, and Qs is the cr- 
algebra on generated by {Yr]t <r< T}. Adding up these equalities, we obtain, for any < 

t < T, 

2 /* b,iYr) dr =[vl - vl]{Yt) + [vl - vl](Yo) + /V(^a + 2ll) + A(^>^ - 111)^) dr 
Jo Jo 

Fix R> and choose A = e^. Integrating with respect to the measure P^^, we have (the sup below 
is taken over < t, s < T) 

(46) 

]E^[ sup \2e / bi{Yr)dr\ > R] 

\t~s\<a Js/e^ 

<20R~\l + T)emv^,\l + + WR-^T/e^\DtV^2 - DtV^,\l 



+5e2lE, [ sup \Mi/l2 - AC/fap > R^] + Se^lE, [ sup IM^/fa - M'/lll^ > R"] ■ 

\t~s\<a \t—s\<a 

We are now going to explain how to choose n to make each term of the above right-hand side go to 
as e goes to 0. 

Since (A — S)wx = bi and (A — L)^^ = bi — we can subtract these equalities and obtain, for 
each G F, Bl{wx -vl,if) = Tr [w\ - i^l, ^) (remind of the definition of and Th in (O 
and ([it])). Choosing ip = wx — ip"^, we obtain a first estimate 

(47) \\wx - vl\l + {m/2)\\wx - vl\\j < (2m)-i(Cf - 

Following Proposition 15. 4[ we can differentiate the equation B^{wx — v^,ip) = Th{wx — tp^, (f) 
with respect to the time variable. So we have, for each G H, B^{DtWx — Dtv^,^) = 
TH^DtWx - DtiP'l,^) + dtTniwx - rp'l,if) - [dtTa + dtTH]{wx - vl,ip). Choosing 
ip = DfWx — Dttp'x, we obtain a second estimate 



\\DtWx - DtlTxll + {m/2)\\DtWx - A^^aII? 
< (2m)-i(Cf II A^A - A^aIIi + C^W-^x - ^aIIi + (CI + C^)\\wx - vl\\if 
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Likewise, ( |47l ) and ( |48l ) remain valid for instead ofv^. For each fixed A > 0, we can then choose 
nx ^ N large enough to ensure that \wx — ^^^^li + ll''^A — ^a"^!!! + ^^^\DtWx — Dtv^^\2 < A 
and \ wx — H^^li + II'^^a — ifx^ II i + ^~^\DtWx — DtV^^H < A. From Proposition |5.8[ there exists 
C G (^2(0))'^ such that AIwaH + |V'^wa - CI2 ^ as A goes to 0. From (07]) (with n = nx), 
'^I^A^Ii + -^I^^A^Il — > as A goes to 0. Hence, choosing n = n^2 in ( |46] ). all the terms in the 
right-hand side except the martingale terms converge to as e goes to 0. 

Let us now focus on the martingale terms. In order to prove the tightness of the two martingales, it is 
sufficient to prove the tightness of their brackets (see ||6l Theorem 4.13), which respectively match 
£2 /q*/^' \V''vy {Yr)\'^ dr and J^^'^ iV^vJ^ dr. Note that | V^^^ - CI2 ^ as e tends 
to so that the process 1 1-^ jVe^ \ VvJ^ (1;)^ dr has the same limit in C([0, T];R) as the pro- 
cess 1 1— > Jq^^ |<^(yr)P dr. Finally, for each fixed t, Theorem l7. 1 [ proves that f^^'^ \C{Yr)\'^ dr 
converges to the deterministic non-decreasing process t ICI2 '^'^ under the measure P^. 

Then Theorem 3.37 in Q says that the brackets are tight in C([0, r];R). The same arguments 
remain valid for the brackets of A^"e^ . Hence, the right-hand side in (l46l) converges to as e 
goes to and the tightness of t eX'f, 2 follows. □ 
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